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Abstract
We discuss a 331 model with three scalar triplets and neutral fermion singlets. We show that in
the 331 model with right-handed neutrinos, it is possible to obtain small active neutrino masses
via the double and inverse seesaw mechanisms, without the use of scalar sextets or triplets with
doubly-charged Higgs. Two types of models are discussed. If we have a large Majorana mass
matrix for the singlets, the spectrum of neutrinos presents light, heavy and very heavy masses.
The other possibility is a small (zero) Majorana mass matrix, which leads to pseudo-Dirac (Dirac)
heavy neutrinos in the TeV scale, in addition to the active light neutrinos.
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I. INTRODUCTION
Neutrinos have played an important role in the evolution of particle physics, and nowadays
the explanation of some of their properties is one of the main goals of models beyond the
Standard Model (SM). In the SM, there are three flavours of massless neutrinos, which
take part in the charged and neutral current weak interaction, and the states that describe
different flavour neutrinos are left-handed (LH), orthogonal, and form a SU(2)L doublet with
the corresponding charged lepton field [1]. The existence of three different flavours is a well-
established experimental fact, and from existing data it is concluded that they are always
produced in weak interaction processes in a state that is predominantly left-handed. We
do not have compelling evidence for the existence of predominantly right-handed neutrinos,
and therefore conclude that they should be sterile, i.e. that their interaction with matter
should be much weaker than the weak interaction of LH neutrinos. Formally, this could be
expressed by describing the RH neutrino as a SU(2)L singlet. In extensions of the SM, RH
neutrinos serve in the explanation of masses and mixing, as well as the disparity between
neutrino and charged lepton and quarks mass scales, and the generation of matter-antimatter
asymmetry.
Experiments with solar, atmospheric and reactor neutrinos provide evidence of neutrino
oscillations, caused by non-zero mass and mixing matrices [2–14]. Formally, this means that
the LH flavour neutrino fields νlL(x), l = e, µ, τ which enter the expression for the lepton
current in the CC weak interaction Lagrangian (weak eigenstates), are linear combinations
of three or more fields νj with masses ml 6= 0 (mass eigenstates),
νlL(x) =
∑
j
UljνjL(x), (1)
where U is a unitary matrix (Pontecorvo-Maki-Nakagawa-Sakata PMNS matrix). Almost
all existing data can be described with at least three light neutrinos, with m1,2,3 . 1eV and
m1 6= m2 6= m3, but the existence of additional, sterile neutrinos is not ruled out.
In order to give an explanation to the smallness of neutrino masses, basically two types of
models have been attempted: seesaw and radiative corrections [15]. The seesaw mechanism
is often denoted as the most elegant scheme [16], and relies in the violation of lepton number
at a very high energy scale (M), giving a mass with the form mν =
v2w
M
. There are three basic
ways of realizing this mechanism: with a heavy right-handed Majorana neutrino coupled to
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νL via the SM scalar doublet (canonical, or type I seesaw); with a heavy scalar triplet (type
II), or a heavy fermionic triplet (type III). Since the mass scale M associated with the new
fields is very high (∼ 1012 GeV), these models have the huge disadvantage of not being
accessible to experiments.
In the last few years, there have been numerous attempts of accommodating the seesaw
mechanism in models in the TeV scale, which could be probed in LHC. Some of these models
are based on the SU(3)C ⊗ SU(3)L ⊗ U(1)X gauge symmetry, and are called 331 models
for short. Since the SM 321 group is a subgroup of 331, it is possible to account for the
known phenomenology, and try to fit new effects in the windows for new physics. One of
the motivations of these models is the explanation of the origin of generations, and the
prediction of charge quantization for three-family models. However, even after imposing
restrictions, specially the cancellation of anomalies, there remains a free parameter β and
therefore it is not possible to identify a unique version of a 331 model.
Neutrino masses have been treated before in 331 models as radiative corrections, or in-
cluding a scalar sextet which leads to Majorana mass terms [17]. Many of these, particularly
those with a scalar sextet, have the characteristic of including doubly-charged Higgs bosons,
which may or may not be observed experimentally. Working with a sextet has a couple
of down-sides, namely the huge amount of extra parameters, and the inclusion of a SU(2)
triplet with a very large mass. In this work, we show an alternative for generating neutrino
mass matrices in a 331 model with β = − 1√
3
, which does not involve any exotic charges,
neither in the fermionic nor in the scalar sector. With the addition of 331-singlet neutrinos,
one can find light neutrino masses within the sub-eV range via the so-called inverse, double
and linear seesaw mechanisms [18, 19].
The article is organized as follows: In section II, we review the basics of 331 models, and
mention previous works that address neutrino masses with this symmetry. In section III,
we focus on our particular version, presenting both the scalar and fermionic sector, and the
Lagrangian that leads to the three different scenarios for neutrino masses. In appendix A
we show the procedure for the diagonalization of the neutrino mass matrix.
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II. ELEMENTS OF 331 MODELS
In order to construct a gauge model based on the group SU(3)C ⊗SU(3)L⊗U(1)X , first
of all we need to ensure that it describes the electromagnetic interaction, which is done
demanding that the sector SU(3)L⊗U(1)X contains the subgroup U(1)Q. The generator Q
is defined as
Q = T3 + βT8 +XI, (2)
where T3 and T8 are diagonal generators of SU(3)L, X is the quantum number associated
to U(1)X and is related to the free parameter β [20, 21]. However, it is not possible to
identify a unique version of a 331 model. Some conditions that we have to impose on the
model, and that will restrict the possible values for β are: that it contains at least the
phenomenological particles (with all their degrees of freedom) and the interactions among
them, that the anomalies cancel (so that it is a renormalizable theory), that the scalar sector
must allow a SSB according to the scheme 331 → 321 → 31, and that the extra particles
are heavier than the SM ones. One way of choosing β is defining the electric charge of the
exotic (beyond the SM) particles.
Quarks (q) and leptons (l) can be in the following representations:
ψˆL =


qˆL : (3, 3, X
L
q ) = (3, 2, X
L
q )⊕ (3, 1, XLq ),
lˆL : (1, 3, X
L
l ) = (1, 2, X
L
l )⊕ (1, 1, XLl ),
(3)
ψˆ∗L =


qˆ∗L : (3, 3
∗, XLq ) = (3, 2
∗, XLq )⊕ (3, 1, XLq ),
lˆ∗L : (1, 3
∗, XLl ) = (1, 2
∗, XLl )⊕ (1, 1, XLl ),
(4)
ψˆR =


qˆR : (3, 1, X
R
q ),
lˆR : (1, 1, X
R
l ),
(5)
where the notation (3, 2, X), (1, 2, X) corresponds to the embedding of the SM particles
and (3, 1, X), (1, 1, X) is associated to particles beyond the SM. Both possibilities 3 and
3∗ for SU(3)L multiplets are included in the flavor sector since the same number of fermion
triplets and antitriplets must be present in order to cancel anomalies. One way to achieve
this is choosing two quark families in one irreducible representation 3 (3∗) and the other
family of quarks and the three leptonic families in the representation 3∗ (3). This way we
guarantee a vector representation of fermions with respect to the SU(3)L group, i.e. a model
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free of chiral anomalies.
Gauge bosons associated to the group SU(3)L transform according to the adjoint repre-
sentation:
W µ = W
α
µGα
=
1
2


W 3µ +
1√
3
W 8µ
√
2W+µ
√
2KQ1µ√
2W−µ −W 3µ + 1√3W 8µ
√
2KQ2µ√
2K−Q1µ
√
2K−Q2µ − 2√3W 8µ

 . (6)
The gauge field associated to U(1)X is represented as
Bµ = I3×3Bµ. (7)
We have three gauge fields with Q = 0 (that combine to form the photon and Z, Z ′ bosons),
two fields with Q = ±1 (W±) and four fields with charges that depend on the choice of β
(KQ1µ , K
Q2
µ ), with
Q1 =
1
2
+
√
3β
2
,
Q2 = −1
2
+
√
3β
2
. (8)
Finally, the SSB follows the scheme
SU(3)L ⊗ U(1)X−→SU(2)L ⊗ U(1)Y
−→U(1)Q.
The transitions leave one massless gauge boson (photon), and eight massive (three weak
and five exotic). The generators that should be broken each time impose a restriction
over the possible scalar fields. Also, since we need Yukawa terms to give masses to the
fermions, and such terms must be 331 invariant, we find that the scalar fields Φ can be in
the representations 6, 3∗, or 3.
The choice of β, as well as the particle content (specially the scalar sector), and the
possibility of imposing additional discrete symmetries, leads to a variety of 331 models.
Since our object of study is the problem of neutrino masses, we will now briefly review some
versions and how they explain them.
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A. Model β = −
√
3, three Higgs triplets
In [22, 23], a model with three scalar triplets η =
(
η0, η−1 , η
+
2
)T ∼ (1, 3, 0), ρ =
(ρ+, ρ0, ρ++)
T ∼ (1, 3, 1) and χ = (χ−, χ−−, χ0)T ∼ (1, 3,−1), a leptonic triplet includ-
ing right-handed charged fields ψaL =
(
νa, la, l
C
a
)
L
∼ (1, 3, 0) and an additional heavy
charged lepton singlet E ′L ∼ (1, 1, 1) and E ′R ∼ (1, 1, 1) gives massive charged fields in the
tree level, and neutrino mass matrix appears at the 1-loop level. With an extra neutral
singlet NR, there are new terms in the mass matrix from the tree-level.
B. Model β = −
√
3, three Higgs triplets and a sextet
The model in [24] contains the same fields as the previous one (the three scalar triplets
and the fermionic field ψaL), with the addition of a sextet
S =


S011 S
−
12 S
+
13
S−12 S
−−
22 S
0
23
S+13 S
0
23 S
++
33

 , 〈S〉 =


v′S 0 0
0 0 vS
0 vS 0

 . (9)
The Yukawa couplings with the fields η and S are the ones that give rise to Majorana mass
terms; the ratio v′S/vS controls the relation between neutrino and charged lepton masses.
C. Model β = −1/
√
3 with two antisextets
In the 331 model withA4 flavour symmetry [25], we have the leptons ψaL = (νaL, laL, ν
C
aR)
T ∼
(3,−1/3, 3), e1R ∼ (1,−1, 1), e2R ∼ (1,−1, 1′), e3R ∼ (1,−1, 1′′), and the scalar sector
φ =
(
φ+1 , φ
0
2, φ
+
3
)T ∼ (3, 2/3, 3), η = (η01, η−2 , η03)T ∼ (3,−1/3, 3), χ = (χ01, χ−2 , χ03)T ∼
(3,−1/3, 1), ρ = (ρ+1 , ρ02, ρ+3 )T ∼ (3, 2/3, 1),
S =


S011 S
−
12 S
0
13
S−12 S
−−
22 S
−
23
S013 S
−
23 S
0
33

 , 〈S〉 =


κS 0 ϑS
0 0 0
ϑS 0 ΛS

 , (10)
where S = s1, σ, and they transform as s1 ∼ (6∗, 2/3, 1), σ ∼ (6∗, 2/3, 3), under a
(SU(3)L,U(1)X , A4) symmetry. The charged leptons gain masses from the Yukawa in-
teractions of the SU(3)L triplet φ, while quarks may gain masses either from φ (which leads
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to a CKM matrix equal to unity at first approximation), or from η, χ, ρ. The Yukawa
couplings with s1, σ lead to a neutrino mass matrix
Mν ≡

 ML MTD
MD MR

 (11)
where ML,R,D have the usual form, as does the effective mass matrix for the active neutrinos
M eff =ML−MTDM−1R MD, which is a combination of type I and type II seesaw mechanisms.
D. Model β = 1/
√
3, four Higgs triplets and a singlet
The model in [26] also considers the symmetry A4, but with a different particle content.
We have ψaL = (νaL, laL, EaL)
T ∼ (3,−2
3
, 3), NiR ∼ (1, 0, 3), eiR ∼ (1,−1, 1( ,′,′′)), EiR ∼
(1,−1, 3), where EiL,R are negatively charged heavy leptons, and although the inclusion of
right-handed neutral Weyl statesNiR is optional, they are used for the realization of tree-level
canonical seesaw mechanism. In the scalar sector, we have χ = (χ+, χ′0, χ0)T ∼ (3, 1/3, 1),
η = (η0, η−, η′−)T ∼ (3,−2/3, 1), ηi = (η0i , η−i , η′−i )T ∼ (3,−2/3, 3), ρ = (ρ+, ρ0, ρ′0)T ∼
(3, 1/3, 3), ξ ∼ (1, 0, 3). The active neutrino mass matrix is M eff = −MTDM−1R MD. With
MN ∼ TeV , neutrinos will have mases ∼ 1eV .
E. Model β = −1/
√
3, three Higgs triplets
In the model in [27] we have the following relevant particle content: ψaL = (νaL, laL, ν
c
aR)
T ∼
(3,−1/3) (a = 1, 2, 3), laR ∼ (1,−1). χ = (χ01, χ−2 , χ03)T ∼ (3,−1/3), η = (η01, η−2 , η03)T ∼
(3,−1/3), ρ = (ρ+1 , ρ02, ρ+3 )T ∼ (3, 2/3), with the VEVs corresponding to 〈χ〉 = (0, 0, w/
√
2)T ,
〈η〉 = (u/√2, 0, 0)T , 〈ρ〉 = (0, v/√2, 0)T . The neutrinos do not achive mass in the tree level,
but via radiative corrections.
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F. Model β = −1/
√
3, three Higgs triplets and a sextet
The models in [17, 28, 29] have the same content as above, with the addition of a scalar
sextet
S =


S011 S
−
12 S
0
13
S−12 S
−−
22 S
−
23
S013 S
−
23 S
0
33

 , 〈S〉 =
1√
2


κ 0 ϑ
0 0 0
ϑ 0 Λ

 . (12)
This allows the obtention of tree-level mass terms, and leads to the effective mass for the
active neutrinos
M1 ≃ −
√
2
{(
κ− ϑ
2
Λ
)
f ν − v
2
Λ
hν(f ν)−1hν
}
, (13)
where f ν is the Yukawa coupling of the lepton triplets with the sextet, and hν the coupling
with ρ.
III. β = −1/
√
3 MODEL WITH RH SINGLET NEUTRINOS
We consider a 331 model with β = − 1√
3
. The leptons are accommodated as follows: a
triplet lL, which includes the SM doublet in its first two entries and an exotic RH neutrino
ν
C(i)
R in the third; a RH charged lepton singlet eR; and a RH neutral singlet NR.
l
(i)
L =


ν
(i)
L
e
(i)
L
ν
C(i)
R

 ∼
(
1, 3,−1
3
)
, (14)
e
(i)
R ∼ (1, 1,−1) , (15)
N
(i)
R ∼ (1, 1, 0) , (16)
where the index i = 1, 2, 3 represents the family (omitted from now on), and the symbol
∼ refers to the representation under the SU(3)C ⊗ SU(3)L ⊗ U(1)X gauge group. For the
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quarks, we have
q
(m)
L =


d
(m)
L
−u(m)L
D
(m)
L

 ∼ (3, 3∗, 0) , (17)
q3L =


u
(3)
L
d
(3)
L
UL

 ∼
(
3, 3, 1
3
)
, (18)
u
(i)
R ∼
(
3, 1, 2
3
)
, (19)
d
(i)
R ∼
(
3, 1,−1
3
)
, (20)
UR ∼
(
3, 1, 2
3
)
, (21)
D
(m)
R ∼
(
3, 1,−1
3
)
, (22)
with m = 1, 2. The fermionic content (14-22) is anomaly free [21, 30]. From here on, we
will focus exclusively on the leptonic sector. For the scalar sector, we have three triplets
χ =


χ01
χ−2
vχ+ξχ+i ζχ√
2

 ∼
(
1, 3,−1
3
)
,
η =


vη+ξη+i ζη√
2
η−2
η03

 ∼
(
1, 3,−1
3
)
,
ρ =


ρ+1
vρ+ξρ+i ζρ√
2
ρ+3

 ∼
(
1, 3,
2
3
)
. (23)
The SSB follows the scheme SU(3)L ⊗ U(1)X 〈χ〉−→SU(2)L ⊗ U(1)Y 〈η〉,〈ρ〉−−−→U(1)Q, where the
vacuum expectation values satisfy vχ ≫ vη, vρ.
The most general potential that we can construct with three scalar triplets is:
VH= µ
2
χ(χ
†χ) + µ2η(η
†η) + µ2ρ(ρ
†ρ) + f
(
χiηjρkε
ijk +H.c.
)
+ λ1(χ
†χ)(χ†χ)
+λ2(ρ
†ρ)(ρ†ρ) + λ3(η†η)(η†η) + λ4(χ†χ)(ρ†ρ) + λ5(χ†χ)(η†η)
+λ6(ρ
†ρ)(η†η) + λ7(χ†η)(η†χ) + λ8(χ†ρ)(ρ†χ) + λ9(ρ†η)(η†ρ). (24)
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TABLE I. Mass eigenstates of the scalar sector in the 331 model described. tan β =
vρ
vη
H03 = ξχ M
2
H3
0
= 4λ1v
2
χ
h0 = cosαξη + sinαξρ M
2
h0 =
4(λ3v4η+v2ρλ6v2η+v4ρλ2)
v2η+v
2
ρ
G03 ≈ −ζχ M2G0
3
= 0
H0 = − sinαξη + cosαξρ M2H0 = −
√
2f(v2η+v2ρ)vχ
vηvρ
G0 ≈ cos βζη − sinβζρ M2G0 = 0
A0 ≈ sin βζη − cos βζρ M2A0 ≈ −
√
2fvχ
(
vρ
vη
+
vη
vρ
)
G01 ≈ −χ01 M2G0
1
= 0
H01 ≈ η03 M2H0
1
= −1√
2
fvρ
(
vη
vχ
+
vχ
vη
)
+ λ7
(v2η+v2χ)
2 G
±
2 ≈ −χ±2 , M2G±
2
= 0
H±2 ≈ ρ±3 M2H±
2
= −1√
2
fvη
(
vρ
vχ
+
vχ
vρ
)
+ λ8
(v2ρ+v2χ)
2 G
± = − cos βη±2 + sin βρ±1 M2G± = 0
H± = sin βη±2 + cos βρ
±
1 . M
2
H± =
−1√
2
fvχ
(
vρ
vη
+
vη
vρ
)
+ λ9
(v2ρ+v2η)
2
For β = − 1√
3
we could write the additional terms
V−1/√3 = µ
2
4(χ
†η +H.c.) + λ10(χ†χ)(χ†η +H.c.) + λ11(η†η)(η†χ +H.c.)
+λ12(ρ
†ρ)(χ†η +H.c.) + λ13(χ†ηχ†η +H.c.) + λ14(ρ†χη†ρ+H.c.). (25)
Although those additional terms would modify the mass matrices in the scalar spectrum
introducing the new parameters µ4, λ10−14, they do not add to the predictability of the
model, in the sense that we would still have the same number of Higgs and Goldstone
bosons with similar mass and mixing structures, but with an enlarged number of variables
to fit. An elegant mechanism to get rid of terms in (25) would be to introduce a discrete
symmetry ξ → ξ, η → −η, ρ→ ρ, plus the condition λ13 = 0; however, it leads to a poorer
Yukawa sector which is defeating to the goal of this work and thus will not be implemented.
For the sake of simplicity, we only present the mass eigenstates for the potential (24) in
table I [20], keeping in mind that adding (25) does not have significant implications for the
main results of following sections.
The relevant part of the Lagrangian constructed with these fields (Yukawa Lagrangian
plus a Majorana mass term) is
−L ⊃ hρel¯ρeR + hχl¯.χNR + hη l¯ηNR +
1
2
hρ
(
lL
)a (
lCL
)b
ρcεabc +
1
2
MRNRN
C
R +H.c., (26)
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Using the VEV of the fields, we find the mass Lagrangian for the leptonic fields
− Llmass =
vρ√
2
eLhρeeR − 1
2
√
2
vρνLhρνR +
1
2
√
2
vρν
C
Rhρν
C
L
+
1√
2
vχνCRhχNR +
1√
2
vηνLhηNR +
1
2
MRNRN
C
R +H.c. (27)
A. Neutrino mass matrices
Rearranging the terms involving neutrinos in (27), we can write for the neutrinos
− Lνmass =
1
2
(
νCL νR NR
)
M


νL
νCR
NCR

+H.c., (28)
with
M =


0
vρh′∗ρ√
2
vηh∗η√
2
vρh′
†
ρ√
2
0
vχh∗χ√
2
vηh
†
η√
2
vχh
†
χ√
2
MR

 , (29)
where we have defined h′ρ =
hTρ−hρ
2
. This mass matrix has a similar structure to some worked
previously in the literature [18, 31], considering the restriction vχ ≫ vρ, vη. Notice that the
Majorana mass, MR, is non-restricted so far; it could be in a smaller or larger scale than
the VEV’s. Nevertheless, the diagonalization of the matrix M as presented leads in first
approximation to a light neutrino mass
Mξ1 = − vηvρ√
2vχ
(
h′∗ρ
(
h†χ
)−1
h†η + h
∗
η
(
h†χ
)−1
h′†ρ
)
+
v2ρ
v2χ
h′∗ρ
(
h†χ
)−1
MR
(
h†χ
)−1
h′†ρ . (30)
Notice that both terms depend on the antisymmetric matrix h′ρ, therefore, the symmetries
in the Lagrangian must be such that the Yukawa coupling term between νL and NR does
not cancel. Furthermore, it should not be symmetric. On the other hand, we can set to
zero the 13 entry of the mass matrix by using a discrete symmetry and we would still have
tree-level masses for the lightest neutrinos.
The matrixMR sets a scale for the breaking of lepton number; ifMR ≪ vρ, vχ, vη, then the
fields η03 and χ
0
1 could acquire VEVs [25], say, v
′
η, v
′
χ. Their values are restricted since they
are also involved in the mixing among the exotic quarks and ordinary quarks of the same
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charge, thus in flavor-changing neutral-current processes; to keep a consistency with the
effective theory, it is safe to impose the constraints v′η ≪ vχ, v′χ ≪ vη [17]. Now, for neutrino
masses, to include these terms we would have to do the substitutions vχh
†
χ → vχh†χ + v′ηh†η,
vηh
†
η → vηh†η + v′χh†χ in (30). Since we expect Yukawa matrices to be roughly of the same
order, in cases where we keep the terms with both hχ and hη (such as cases 1 and 3 below),
we can safeley neglect the extra terms. Now, if some extra symmetry cancels the terms with
hη (e.g. case 2 below), we would only have the substitution vηh
†
η → v′χh†χ; then, instead of the
first term in (30), we would have − v′χvρ√
2vχ
(
h′∗ρ
(
h†χ
)−1
h†χ + h
∗
χ
(
h†χ
)−1
h′†ρ
)
= − v′χvρ√
2vχ
(
h′∗ρ + h
′†
ρ
)
,
which exactly cancels since h′ρ is antisymmetric. Therefore, we can safely assume that the
presence of the small expectation values does not affect the results for neutrino masses in
any of the cases considered.
The complete diagonalization procedure, with the rotation matrices and mass eigensys-
tems, is presented in IIIB using the schemes of appendix A. For simplicity, we will consider
the following scenarios:
1. MR ≫ vχ ≫ vη, vρ. This is the double seesaw mechanism [19, 31]. We have three
different mass scales for neutrinos: very light active neutrinos (ξ1), and heavy (ξ2) and
very heavy (ξ3) sterile neutrinos:
Mξ1 =
v2ρ
v2χ
h′∗ρ
(
h†χ
)−1
MR
(
h†χ
)−1
h′†ρ , (31a)
Mξ2 = −
v2χ
2
h∗χM
−1
R h
†
χ, (31b)
Mξ3 =MR. (31c)
Since the only constraints that we have are vχ & 10
3 GeV, v2η+v
2
ρ = v
2 ∼ 102 GeV, we
may set vχ ∼ 104, hχ ∼ 1, MR ∼ 106, vρh′ρ ∼ 10−4 and find Mξ1 ∼ 0.1 eV,Mξ2 ∼ 102
GeV,Mξ3 ∼ 106 GeV. The ξ2 neutrinos are candidates for detection in LHC, while ξ3
create a scenario for the study leptogenesis.
2. MR = µ≪ vη, vρ ≪ vχ and an additional discrete symmetry which cancels the 13 and
12
31 entries.
Mξ1 =
v2ρ
v2χ
h′∗ρ
(
h†χ
)−1
µ
(
h†χ
)−1
h′†ρ , (32a)
Mξ2 = −
vχ√
2
h†χ +
µ
2
, (32b)
Mξ3 =
vχ√
2
h†χ +
µ
2
. (32c)
This is the inverse seesaw mechanism [19, 32, 33]. The exotic neutrinos are pseudo-
Dirac, with masses ∼ ±vχhχ√
2
and a small splitting ∼ µ. There are several ways to
obtain sub-eV masses for the active neutrinos. For example, a set of parameters that
works and is consistent is vχ ∼ 104 , hχ ∼ 1, µ ∼ 10−6, vρh′ρ ∼ 1 and leads toMξ1 ∼ 0.1
eV,Mξ2 ∼ 104 GeV,Mξ3 ∼ 104 GeV. All the exotic neutrinos are in the TeV scale.
3. MR = 0. Even without the Majorana mass term, we still have mass matrices for the
neutrinos, that depend on the known scales vχ ∼ TeV , v2η + v2ρ = v2, in the linear
seesaw mechanism [19] .
Mξ1 = −
vηvρ√
2vχ
(
h′∗ρ
(
h†χ
)−1
h†η + h
∗
η
(
h†χ
)−1
h′†ρ
)
, (33a)
Mξ2 = −
vχ√
2
h†χ, (33b)
Mξ3 =
vχ√
2
h†χ. (33c)
A possible set of parameters is vχ ∼ 104 GeV, hχ ∼ 1, vη ∼ 1GeV, vρ ∼ 102GeV,
hρ ∼ hη ∼ 10−4.
From the discussion above we see that it is indeed possible to get the right orders of
magnitude for light neutrino masses from (30). However, Mξ1 is presented as the product of
3× 3 complex matrices h′ρ, hχ, hη, MR, and the only restriction we have on their structure
so far is that h′ρ must be antisymmetric. Furthermore, they are independent of the charged
lepton mass matrix (∝ hρe as seen in 27). The problem of choosing ansatz that lead to
neutrino masses and mixing compatible with experimental data has been treated extensively
[34], and the specific application to our model with a proper scan of the parameter space
will be treated elsewhere.
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B. Diagonalization of the neutrino mass matrix
To put the neutrino mass matrix (29) in diagonal form, we block-diagonalize using mul-
tiple times the procedures in A1, A 2, and then use the PMNS matrix for active neutrinos,
and define PMNS-like matrices for the exotic neutrinos.
1. Large MR
For large MR, i.e. the double seesaw mechanism, we use A1 three times. First, we
combine the 2,3 entries with the rotation matrix W1. Then, the 1,3 entries with W2, and
finally the 1,2 entries with W3. The rotation matrices are
W1 =


1 0 0
0 1 B1
0 −B†1 1

 , W2 =


1 0 B2
0 1 0
−B†2 0 1

 , W3 =


1 B3 0
−B†3 1 0
0 0 1

 , (34)
with
B†1 =M
−1
R
vχh
†
χ√
2
, B†2 =M
−1
R
vηh
†
η√
2
, (35a)
B†3 = −
√
2vρ
v2χ
h′∗ρ
(
h†χ
)−1
MR
(
h∗χ
)−1
+
vη
vχ
(
h†χ
)−1
h†η. (35b)
The product of these rotations with the PMNS-like matrices, up to first order in the Bi’s, is
U =W1 ·W2 ·W3 ·


V 0 0
0 Uχ 0
0 0 UR

 =


V B3Uχ B2UR
−B†3V Uχ B1UR
−B†2V −B†1Uχ UR

 . (36)
The mass eigenstates ξ are constructed as
nL = UξL, n
C
L = U
∗ξR, (37)
with nL =
(
νL, ν
C
R , N
C
R
)T
, ξ = (ξ1, ξ2, ξ3)
T , and the mass matrix
Mdiagξ = U
TMU


V TMξ1V 0 0
0 UTRMξ2UR 0
0 0 UTχMξ3Uχ

 , (38)
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where
Mξ1 =
v2ρ
v2χ
h′∗ρ
(
h†χ
)−1
MR
(
h†χ
)−1
h′†ρ −
vηvρ√
2vχ
(
h′∗ρ
(
h†χ
)−1
h†η + h
∗
η
(
h†χ
)−1
h′†ρ
)
, (39a)
Mξ2 = −
v2χ
2
h∗χM
−1
R h
†
χ, Mξ3 =MR. (39b)
Notice that the neutrino fields thus constructed are Majorana: ξ = ξL + ξR = U
†nL +(
U†nL
)C
= ξC.
2. Small MR
For small MR (MR = µ), we have to use the diagonalization A2 for the 2,3 entries, and
twice A1 for the 1,3 and 1,2 entries. The rotation matrices are
W1 =


1 0 0
0 (1−S)√
2
(1+S)√
2
0 (−1−S)√
2
(1−S)√
2

 , W2 =


1 0 B2
0 1 0
−B†2 0 1

 , W3 =


1 B3 0
−B†3 1 0
0 0 1

 , (40)
with
S = − 1
2
√
2vχ
(
h†χ
)−1
µ, (41a)
B†2 =
vη√
2vχ
(
h†χ
)−1
h†η +
vρ√
2vχ
(
h†χ
)−1
h′†ρ +
(
h†χ
)−1
µ
(
h†χ
)−1(−vη
4v2χ
h†η +
vρ
4v2χ
h′†ρ
)
, (41b)
B†3 =
vη√
2vχ
(
h†χ
)−1
h†η +
vρ√
2vχ
(
h†χ
)−1
h′†ρ +
(
h†χ
)−1
µ
(
h†χ
)−1( vη
4v2χ
h†η −
3vρ
4v2χ
h′†ρ
)
. (41c)
The full rotation matrix, up to first order in the S,Bi’s, is
U =W1 ·W2 ·W3 ·


V 0 0
0 Uχ 0
0 0 UR

 =


V B3Uχ B2UR
− (B†2+B†3)√
2
V (1−S)√
2
Uχ
(1+S)√
2
UR
− (B†2−B†3)√
2
V (−1−S)√
2
Uχ
(1−S)√
2
UR

 , (42)
and the blocks in the mass matrix (38)
Mξ1 =
v2ρ
v2χ
h′∗ρ
(
h†χ
)−1
µ
(
h†χ
)−1
h′†ρ −
vηvρ√
2vχ
(
h′∗ρ
(
h†χ
)−1
h†η + h
∗
η
(
h†χ
)−1
h′†ρ
)
, (43a)
Mξ2 = −
vχ√
2
h†χ +
µ
2
, (43b)
Mξ3 =
vχ√
2
h†χ +
µ
2
. (43c)
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IV. CONCLUSION
In this paper we have discussed an extension to the Standard Model using the SU(3)C ⊗
SU(3)L⊗U(1)X (331) symmetry group. This symmetry is spontaneously broken to the SM
group at the TeV scale. In a model with β = −1/√3, with three scalar triplets, and one
lepton triplet (one charged, two neutral fields) and two singlets (one charged, one neutral)
for each family, we find that neutrinos may acquire tiny masses via the double, inverse or
linear seesaw mechanisms. According to the selection of the Majorana mass termMR for the
singlet neutrino and additional discrete symmetries, we have three different scenarios for the
exotic neutrinos: for large MR, three sterile neutrinos (ξ2) are in an intermediate scale (e.g.
∼ 102,3 GeV), and other three (ξ3) in a heavier scale (∼ 106,7 GeV); for small MR we have
three pairs of pseudo-Dirac neutrinos in the TeV scale; and for MR = 0 they combine to
form three Dirac neutrinos with masses in the TeV scale as well. The model presented gives
a mechanism for tree-level neutrino masses in a rather simple extension of the SM, without
the introduction of doubly-charged Higgs particles or any other kind of exotic charges.
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Appendix A: Diagonalization of mass matrices - General case
We consider a unitary matrix Ω which block-diagonalizes the mass matrix M
ΩTMΩ = ΩT

 0 MD
MTD MN

Ω =

 U∗mdiagU † O
OT V ∗MdiagV †

 (A1)
with O a matrix with all null entries. Ω may be formally expressed as the exponential of a
anti-hermitian matrix [18]
Ω = exp

 O R
−R† O

 . (A2)
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1. For MN ≫ MD
If MN ≫ MD (e.g. the Majorana mass of a RH neutrino belongs to a heavy scale)
Ω =

 1− RR†2 R
−R† 1− R†R
2

+O (R3) . (A3)
Using (A1), from the off-diagonal elements we find
R∗ =MDM−1N , R
† =M−1N M
T
D , (A4)
And substituting for the diagonal elements, we get the mass matrices
U∗mdiagU † = −R∗MTD = −MDM−1N MTD
= −R∗MNR†, (A5)
V ∗MdiagV † =MN +
1
2
(RTMD +M
T
DR). (A6)
2. For MN ≪MD
When MN ≪ MD (for example, if neutrinos are pseudo-Dirac)
Ω =
1√
2

 1 1
−1 1



 1− SS†2 S
−S† 1− S†S
2

+O (S3) . (A7)
Under the conditions MTD = MD, MNS
† = STMN ,MNS = S∗MN ,MDS† = STMD,MDS =
S∗MD, we find
S = S† = −1
4
M−1D MN , (A8)
S∗ = ST = −1
4
MNM
−1
D (A9)
and the mass matrices
U∗mdiagU † = −MD + MN
2
− 1
8
MNM
−1
D MN , (A10)
V ∗MdiagV † =MD +
MN
2
+
1
8
MNM
−1
D MN . (A11)
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